Topological insulators (TIs) show unusual optical responses resulting from a topological magnetoelectric (TME) effect. In this paper, we study theoretically the scattering of electromagnetic waves by circular TI cylinders. In certain configurations, the bulk scattering can be suppressed, leading to strong scattering in the backward direction in both Rayleigh and Mie scattering regimes due to the TME effect. At antiresonances, an interesting filed trapping phenomenon is found which is absent in conventional dielectric cylinders. 
Introduction
Recently, topological insulators (TIs) have been received considerable interest as an emerging phase in condensed matter physics [1] [2] [3] . TIs resemble ordinary insulators with a bulk energy gap but possess gapless edge or surface states within the bulk energy gap which are protected by the time-reversal symmetry. This unique feature gives rise to many unusual physical properties. In addition to many exotic electronic and transport properties, a novel quantized topological magneto-electric (TME) effect -an applied electric (magnetic) field can induce magnetic (electric) polarization -has been revealed in TIs [3] . An additional term in the Maxwell Lagrangian, ΔL = (θ α/4π 2 )E · B, is introduced to describe the TME effect [3, 4] , where α = e 2 /hc is the fine structure constant, θ = (2p + 1)π is the quantized axion angle [4] with p being an integer, and E and B are the electric field and magnetic induction, respectively. The TME effect plays a key role in the electromagnetic (EM) responses of TIs and many unconventional optical phenomena due to the TME effect have been found [5] [6] [7] [8] [9] [10] [11] .
The scattering of EM waves by small particles is an interesting optical problem and has been treated systematically in the literatures [12, 13] for conventional scatterers. The EM scattering depends strongly on the optical properties of the constituent materials of the scatterers. Owing to the TME effect, EM scattering by TI scatterers should be different from that by conventional ones. Indeed, a parity violating and a strong perturbation of dipole radiation are found in axionic scatterers [14] . In the Rayleigh limit, the quantization of the TME effect can be simply determined by the scattered electric fields in the far field [15] . In this paper, we study theoretically the EM scattering by circular TI cylinders in both the Rayleigh and Mie scattering regimes. Interestingly, strong scattering in the backward direction due to the TME is revealed, which is absent for bi-isotropic [16] (chiral or Tellegen) scatterers since the TME effect is basically a surface effect rather than a bulk one. Moreover, antiresonances for TI cylinders are found in the Mie scattering regime showing an interesting field trapping phenomenon.
Scattering coefficients
The propagation of EM waves in a conventional homogeneous medium can be described by the Helmholtz equation ∇ 2 F + k 2 F = 0, where F is either the vector field E or B, k is the corresponding wavevector, ω is the angular frequency, and c is the light speed in vacuum. In TIs, however, the constitutive relations should be modified as [3] 
where D and H are respectively the electric displacement and magnetic field, α = θ α/π is an odd-numered multiple of α, and ε and μ are respectively the permittivity and permeability. It can be easily verified that, if the modified constitutive relations are applied in the Maxwell equations, the corresponding master equation remains the same form as the one for the topologically trivial case with α = 0. Interestingly, the dispersion relation k = √ εμω/c is independent of the factor α. This implies that the TME effect is basically a surface effect, different from chiral media in which the chirality parameter κ enters the corresponding dispersion relation [17] . Therefore, the unusual optical properties of TIs should be contributed from the TI boundaries. The EM scattering by a TI cylinder could be solved by the standard multiple expansion method [15] . The system under study is schematically shown in Fig. 1 . In the present work, we consider an EM wave E inc = E 0 (e i⊥êx − e i ê z )e ik b y is incident perpendicular to the cylinder, where E 0 is the amplitude, k b = √ ε b μ b ω/c is the wavevector in the background medium. In this configuration, there are two independent polarizations of the incident EM wave: TE (with the electric field perpendicular to the cylinder) and TM (with electric field parallel to the cylinder).
Here we use e i⊥ and e i represent the polarization-vector components of the incident wave with e i⊥ = 1 and e i = 0 standing for the TE polarization, and e i⊥ = 0 and e i = 1 for the TM polarization. Similar to that in conventional circular cylinders, the EM wave functions can be expanded by the vector cylindrical harmonics M n (kρ, ϕ) [12] , in which n is an integer, ρ is the radial distance, ϕ is the azimuth angle, and I stands for which kind of the Bessel (Hankel) function we use. The scattered electric field and the internal field inside the TI cylinder can be expanded respectively in terms of these vector cylindrical harmonics
where a n and b n are the scattering coefficients, E n = E 0 /k b . The superscripts 1 and 3 stand for the Bessel function of the first kind and the Hankel function of the first kind, respectively. Note that the scattering coefficients a n and b n are associated with the electric and magnetic multipoles of order n, respectively. It can be shown that by imposing the standard boundary conditions the scattering coefficients for circular TI cylinders under normal incidence can be found as
where α = α/ √ ε b ( α = α as the background is vacuum), A n , B n , C n , and D n are the same functions as defined in circular dielectric cylinders [12] A n (x) = mJ n (mx)H
(1)
Here, J n and H (1) n are respectively the Bessel and Hankel functions of the first kind , x = k b r is the size parameter with r being the cylinder radius, and m = εμ/ε b μ b is the relative refractive index. In this study we assume all materials are nonmagnetic, i.e., μ = μ b = 1. The coefficients related to the internal fields inside the cylinders are
The auxiliary functions f n , g n , and t n with the prefactor α (or α 2 ) are unique in TI cylinders due to the TME effect, given by
It can be verified that a n = a −n and b n = b −n , similar to those in conventional cylinders [12] . Note that a n and b n are polarization dependent and there hence exist two independent sets, {a n,TE , b n,TE } and {a n,TM , b n,TM } for TE and TM polarizations, respectively. For TI cylinders, we have another identity a n,TM = b n,TE which can be easily verified. For topological-trivial insulators, the corresponding axion angle θ = 0 and the scattering coefficients are reduced to the conventional ones given in [12] . Compared with ordinary dielectric cylinders, extra contributions resulting from the TME effect appear in both {a n } and {b n } [18, 19] , leading to many unusual scattering properties. For example, for an ordinary dielectric cylinder a TE incident wave cannot excite the magnetic multipoles because b n,TE = 0 (not valid for b n,TM generally). However, for a TI cylinder, b n,TE does not vanish in general, implying that the magnetic multipoles can be excited. The scattering efficiency defined by
a function of θ . To estimate the weight of the scattering efficiency contributed from the TME effect, we define a relative scattering efficiency,
, where Q(θ = 0) and Q(θ = 0) are the scattering efficiency with an axion angle θ = 0 and θ = 0, respectively.
Unusual scattering pattern
To obtain the fields of scattered waves in the far field, an amplitude scattering matrix T is usually introduced which relates the electric field of the scattered wave to that of incident wave
where E and E ⊥ are the electric-field components parallel and perpendicular to the cylinder, respectively; the subscripts i and s stand for the incident and scattered wave, respectively; and T i (i = 1, 2, 3, 4) are the elements of amplitude scattering matrix defined by
Here, φ = π/2 − ϕ is the scattering angle [15] . From the electric field of the scattered wave, we can obtain easily its intensity. The intensity of the scattered wave I can be decomposed as two components according to the polarizations, one parallel and the other perpendicular to the cylinder, given by
where we assume that the incident plane wave has a unit intensity. We first discuss the scattering in the Rayleigh scattering limit (x, mx 1). With the known scattering coefficients [15] , the intensity for the TE incident wave can be obtained as
Note that I ,TE should vanish for conventional cylinders. For TI cylinders, however, the contributions from the magnetic monopolar and dipolar terms induced by the TME effect lead to a non-zero I ,TE . Interestingly, the scattered fields from the magnetic monopole and dipole interfere destructively in forward direction (φ = 0 • ), while constructively in the backward direction (φ = 180 • ). In contrast, I ⊥,TE (φ ), which is contributed from the electric dipolar term induced by the bulk, has the same magnitude in both the forward and backward directions. In general cases, the intensity of the scattered wave is dominated by I ⊥,TE since α is very small. In the case of m ∼ 1 (the refractive index of the TI cylinder is very close to that of the background), however, the scattering from the bulk is negligibly small such that I ,TE I ⊥,TE . The scattering by TI cylinders is now dominated by I ,TE , leading to strong scattering in the backward direction. In fact, the ratio of the backward-to-forward scattering intensity takes a large value (∼ 1/ α 2 ) as m ∼ 1.
For the TM incident wave, the intensity components of the scattered wave are given by
Obviously, I ,TM is mainly from the monopolar term of the scattered wave by the bulk. However, I ⊥,TM has the similar property as I ,TE , showing the interesting destructive interference in the forward direction and constructive interference in the backward direction. As m ∼ 1, we have I ,TM I ⊥,TM , manifesting strong scattering in the backward direction. The ratio of the backward-to-forward scattered intensity also takes a large value in order of 1/ α 2 as m ∼ 1. Note that Rayleigh scattering in conventional dielectric cylinders displays a symmetric scattering pattern in forward and backward directions. Thus, the strong backward scattering in TI cylinders stem from the TME effect.
From the above discussions, the key to realizing strong backward scattering is to suppress the contribution of bulk scattering. The choice of m ∼ 1 can indeed eliminate the bulk scattering to attain strong backward scattering. But it is rather difficult to realize experimentally. Practically, we can adopt instead a hollow TI cylinder to implement strong backward scattering as shown in Fig. 2 . The axion angles for the hollow TI cylinder should be properly chosen since there are two interfaces. We assume that the axion angle of the hollow TI cylinder is (2p + 1)π, whereas the axion angle of the vacuum outside and inside the hollow cylinder is respectively 0 and (2p + 1)2π, as in [7] for TI thin films. Although the axion angles 0 and (2p + 1)2π are equivalent in the topological sense, this proper choice guarantees that the surface currents at the two interfaces do not cancel each other.
In Fig. 2(a) , we calculate the relative scattering efficiency |Q r | for the hollow cylinder. The outer radius and the wall thickness of the hollow cylinder are denoted by r 0 and d 0 , respectively. It can be observed from Fig. 2(a) that |Q r | decreases with increasing d(= d 0 /r 0 ), indicating that the bulk scattering increases with d. However, for small d (< 0.001) the scattering efficiency from the TME effect is manifest in both the Rayleigh (e.g., x = 0.05) and Mie (e.g., x = 1) scattering regimes. For small d, the intensity of the backward scattering can surpass the forward scattering in both the Rayleigh and Mie scattering regimes, as can be seen from Fig. 2(b) , especially for large axion angles. Figures 2(c)-2(f) show the field distributions of the scattered EM wave. Obviously, the conventional hollow cylinder (θ = 0) displays an almost symmetric scattering pattern in the backward and forward directions in the Rayleigh scattering regime. In the Mie scattering regime, the scattering pattern shows strong forward scattering. The symmetric and forward scattering in respectively the Rayleigh and Mie scattering regimes is the known features for conventional dielectric scatterers. For a TI hollow cylinder with a small wall thickness, however, both the Rayleigh and Mie scattering show a pattern of strong backward scattering. For TM incident waves, similar results are also observed (data not shown).
The underlying physics for the strong backward scattering in TI hollow cylinders can be understood by the interference between electric and magnetic multipoles. Note that such backward scattering has also been found in other kinds of scatterers such as magnetic [20, 21] , metallic [22] , or semiconducting [23] [24] [25] particles. To achieve strong backward scattering in magnetic spheres, the optical constants should satisfy the condition ε = (4 − μ)/(2μ + 1) [20] . Under this condition, the radiation fields from the induced electric and magnetic dipoles have the same strength but are out of phase in the forward direction and in phase in the backward direction. For metallic spheres [22] or semiconducting spheres [23] [24] [25] , the strong backward scattering is frequency-dependent. The magnetic dipole moment arising from the closed loops of the induced displacement currents are usually caused by resonances. As a result, the observed strong backward scattering exists only in a narrow frequency range. In hollow TI cylinders with a small wall thickness, the interference between the electric and magnetic multipoles is constructive in the backward direction and destructive in the forward direction, eventually leading to strong backward scattering. Note that the frequency range for the strong backward scattering is wide since the TME effect is a non-resonant effect. Moreover, such strong backward scattering can occur not only in Rayleigh scattering but also in Mie scattering.
Antiresonances
In Fig. 3 , the scattering coefficients of the four lowest order modes for a TI cylinder in vacuum as a function of the size parameter x for TE incident waves are shown. Obviously, there exist resonances and antiresonances in both a n,TE and b n,TE . Physically, a n and b n are associated with the n-th order electric and magnetic multiplolar modes, respectively. The resonances at x = 0.425 in |a 0,TE | and x = 0.670 in |a 1,TE | correspond to the excitation of the electric monopolar and dipolar modes, respectively. In contrast, at the antiresonances (x = 0.946 in |a 0,TE | and x = 0.727 in |a 1,TE |) no such electric monopolar and dipolar modes can be excited since at these particular x the corresponding scattering coefficients are almost zero. The asymmetric lineshapes in Fig. 3 can be explained by the interference between the resonant and direct scattering similar to the cases considered in [26] . Fig. 3 . Scattering coefficients a n and b n as functions of the size parameter x with n = 0, 1 for the TE incident wave. The dielectric constant of the TI cylinder is ε = 30 and its axion angle is π. The background medium is vacuum.
The scattering coefficients a n,TE of a TI cylinder should be similar to those of a dielectric cylinder with the same refractive index [27] since the fine structure constant is much smaller than one. As a result, the TME effect could not be manifest in a n,TE . However, it emerges in b n,TE since b n,TE should vanish in conventional dielectric cylinders. Interestingly, there exist also resonances and antiresonances in b n,TE . Right at these antiresonances, the corresponding scattering coefficients vanish. In order to enable b n,TE = 0, the function g n in Eq. (3) should be zero, or in other words, the condition J n (mx)J n (mx) = 0 should be satisfied. Therefore, the antiresonances correspond exactly to the roots of J n (mx) = 0 or J n (mx) = 0. At the antiresonances, all the introduced auxiliary functions that are related to the TME effect should be zero, namely, f n = g n = t n = 0. The scattering now is reduced to the one for conventional dielectric cylinders, implying the absence of the TME effect. For TM polarization, similar conclusions can be drawn since a n,TM = b n,TE .
To verify our analysis, we show in Fig. 4 the field distributions for two antiresonances at x = 0.439 and 0.336, corresponding to J 0 (mx) = 0 and J 1 (mx) = 0, or b 0,TE = 0 and b 1,TE = 0, respectively. For TE incident waves, from the definition of the vector cylindrical harmonics M n and N n , the electric filed component E ϕ and the magnetic induction component B z are proportional to J n (mx) and J n (mx), respectively. For the magnetic monopole mode at x = 0.439, it is obvious that B z = 0 at the boundary since J 0 (mx) = 0. Inside the TI cylinder, E ϕ is nonzero which can induce a nonzero B ϕ inside the cylinder via the TME effect. However, the com- ponents of the scattered fields H ϕ and B ρ should be zero since b 0,TE = 0. The magnetic field component B ϕ is not continuous at the boundary. Interestingly, B ϕ is completely trapped inside the cylinder. For the magnetic dipole mode at x = 0.336, E ϕ = 0 at the boundary since it corresponds to J 1 (mx) = 0. As a result, H ϕ cannot be induced inside the cylinder by the TME effect. However, D z can be induced by the TME effect since B z inside the cylinder may not be zero. Similar to B ϕ for the monopole mode, D z for the dipole mode is trapped completely inside the cylinder.
The vanishment of the field component E ϕ or B z at antiresonances for TE incident waves is an exotic phenomenon in TI cylinders and is also a strong evidence that the TME effect is intrinsically a surface effect. For TM incident waves, similar antiresonances also exist. The corresponding vanishing field component at the boundary is now B ϕ or E z instead. The field trapping of B z or D ϕ inside the cylinder can also be observed. For conventional dielectric cylinders, the scattering coefficients a n and b n also possess antiresonances at particular size parameters. However, the cylinder is perfectly transparent to the n−th harmonic of the incident wave at any antiresonance [27] . There is no such a field trapping phenomenon in conventional dielectric cylinders.
A few points should be mentioned. First, one should introduce a thin magnetic layer coating on the TI surface to open up a surface energy gap E g [3, 28] . With this magnetic layer, the time reversal symmetry is broken at the surface and the value of θ can be specified definitely. For a typical value E g ∼ 10 meV, the corresponding EM wavelength λ g is about 0.12 mm, the incident wavelength λ should be much larger than λ g , i.e. λ g λ , which can be attained with microwaves. Second, if the TI is doped, the doping level we considered should in the gap [29] . Therefore the axion angle is quantized and the "axion electrodynamics" can be applied to describe the EM responses of the system. Third, the role that the magnetic layer plays in the EM scattering should be rigorously restricted in the total EM scattering. Since the magnetic layer can be as thin as several nanometers [30] , the optical distance of this layer is extremely small in the microwave regime.
Conclusion
In summary, we study systematically the EM scattering properties of circular TI cylinders. Owing to the TME effect, scattering in TI cylinders shows unusual feathers. For TI cylinders with a refractive index close to that of the background or for hollow TI cylinders with a small wall thickness with respect to the wavelength, strong backward scattering are found in both the Rayleigh and Mie scattering regimes, which is completely different from conventional dielectric cylinders. The underlying physics for the strong backward scattering can be understood by the interference between electric and magnetic multipoles, which are destructive in the forward direction and constructive for the backward scattering. For conventional media, the spectral responses of magnetic dipoles are usually narrow-band since they are caused by resonances in general. However, the enhanced backscattering for TIs is a broadband effect for the nonresonant nature of TME effect. Interesting antiresonances are found showing a field-trapping phenomenon, which does not exist in conventional dielectric cylinders. At anti-resonances, the EM fields generated by the surface Hall currents are completely trapped inside the cylinder.
